Abstract-We investigate and revisit the deployment of a directional time-varying (rotating) driving magnetic field to suppress the magneto-Rayleigh-Taylor (MRT) instability in dynamic Z-pinches. A rotational driving magnetic field is equivalent to two magnetic-field components, and Z, that alternate in time, referred to as an alternate Theta-Z-pinch configuration. We consider a finitely thick cylindrical liner configuration in this paper. We numerically integrate the perturbation equation to stagnation time based on the optimal background unperturbed trajectories. We assess the cumulative growth of the dominant mode selected by some mechanism at the beginning of an implosion. The maximum e-folding number at the stagnation of the dominant mode of an optimized alternate Theta-Z-pinch is significantly lower than that of the standard Theta-or Z-pinch. The directional rotation of the magnetic field acts to suppress instabilities, independent of the finite thickness of the liner. The finite thickness effect plays a role only when the orientation of the magnetic field varies in time, whereas it does not play a role in the standard Theta-or Z-pinch. The rotating frequency of the magnetic field and the thickness of the liner both have a monotonic effect on suppression. Their synergistic effect can enhance the suppression of the MRT instability. Because the MRT instability can be well suppressed in this way, the alternate Theta-Z-pinch configuration has potential applications in liner inertial fusion that uses a magnetically driven liner to directly compress the fuel target to initiate fusion.
I. INTRODUCTION
U SING an equilibrium Z-pinch as a magnetic-confinement fusion system has been previously found to be difficult because of the unavoidable exchange or quasi-exchange mode instability. In modern times, with the development of pulsedpower technology and the emergence of the dynamic Z-pinch, the fusion field has renewed its interest in the Z-pinch [1] - [6] . In a dynamic Z-pinch system, the magneto-Rayleigh-Taylor (MRT) instability [7] - [10] is inevitable from implosions of the plasma driven by magnetic pressure. While developing along with other magnetohydrodynamic modes of instability, the MRT instability grows the fastest, and by undermining the pinch symmetry it is the most dangerous.
We consider the use of a directional time-varying (rotating) driving magnetic field to suppress the MRT instability in dynamic Z-pinches [11] - [14] . A review of many possible ways to mitigate the MRT instability can be found in [28] . In addition to these methods, a dynamic stabilization method applying a harmonic oscillating component to the magnetic field [29] , [30] can also be used. As pointed out by Weibel, this method was proposed in the early history of fusion research in a different but related context [31] . We extend the work of [14] to finitely thick cylindrical liners in this paper. We numerically integrate the perturbation equation (Section II) to stagnation time based on the optimal background unperturbed trajectories (Section III). We assess the cumulative growth of the dominant mode selected by some mechanism at the beginning of an implosion (in Section IV). The general conclusions of the literature survey in [14] are that: first, the suppression effect of the magnetic field or magnetic shear on the MRT instability takes effect via the magnetic-field component parallel to the mode vector. Second, if nonideal factors, such as surface tension, viscosity, and elasticity, are not considered, as we treat in this paper, the growth rate of the fastest mode (perpendicular to the magnetic field) of a standard Theta-or Z-pinch is independent of the thickness of liner, whereas the results in this paper show that the thickness has a monotonic suppression effect in the case of a rotating driving magnetic field. Many other relevant aspects or details, such as the generation of the rotating magnetic field, can be found in the introduction of [14] and will not be repeated herein.
II. PERTURBATION MODEL
We consider a cylindrical liner configuration (Fig. 1) , in which the load is made up of a cylinder of thickness h. The thickness of the liner is h, and the outer and inner radii are a and a − h, respectively. Magnetic fields with timevarying orientations, denoted B i = (0, B φi (t), B zi (t)) and B o = (0, B φo (t), B zo (t)), are present in the inner and outer surfaces of the liner, respectively. The liner is assumed perfectly conducting, so that the magnetic field is discontinuous and must remain parallel to the surface. The earth's gravity can be ignored, as the effective gravity arising from acceleration is 0093-3813 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. much greater in magnitude. In the reference frame co-moving with the liner, there is an effective gravitational field directed in the r direction, g r = ge r , g > 0, where g is the effective gravity. The liner is assumed to be incompressible with a uniform density, ρ. The equilibrium pressure distribution obeys the barometric law: p = ρg, where the prime designates a derivative with respect to r . Liner thickness, h, is assumed to vary slowly with time compared to background parameters. This assumption is needed for later formulation and is justified by the experiment and numerical simulation, which show that liner thickness does not change appreciably but increases only weakly before stagnation (see [27, Fig. 6] ). The MRT instability is strongly localized near the outer surface in the implosion stage. The fastest growing modes are perpendicular to the magnetic field and they are flute (axisymmetric) modes for classical pure Z-pinch and filamentation (purely azimuthal) modes for pure Theta-pinch. The reason for these is that they do not perturb the vacuum magnetic field, and therefore, the positive (stabilizing) contribution of the magnetic-energy perturbation vanishes.
Let v = ∂ t ξ ≡ξ , δp, δp m , δ B represent small deviations of the fluid velocity, pressure, magnetic pressure, and magnetic field, respectively, from their respective equilibrium values v 0 , p, p m , B. In the equilibrium state, the fluid remains at rest, i.e., fluid velocity v 0 = 0. Both unperturbed surfaces of the layer are flat. The unperturbed magnetic field that supports the layer is related to effective gravity, g, and fluid density by
In this representation, the linearized movement equations are
Perturbation of the vacuum magnetic field is curl-free, so it can be expressed by a scalar potential δ B = ∇ψ that satisfies the Laplace equation ∇ 2 ψ = 0. If φ and z factors are harmonic, the radial solution is a modified Bessel function. To remain finite, the modified Bessel functions of first and second types are taken in the inner and outer regions, respectively. The perturbation of magnetic fields on the inner and outer interfaces is
where
The derivative of each Bessel function is with respect to its specified argument. Using the condition that the magnetic field remains parallel to the perturbed surface, we find
The magnetic pressures on the perturbed interface are
On the inner and outer interfaces, these are
where Substituting these into (2), we obtain
We assume that the perturbed velocity field is irrotational, hence ∇×ξ = ∇.ξ = 0. We seek the solutions in the form of harmonic perturbations, yielding the general solution
Substituting (9) into (8) gives the algebraic equations for A 1 and A 2 . Requiring the corresponding determinant to be zero givesξ
Equation (10) then becomes
It can be proved that D − is always negative and, thus, related to the oscillatory modes. These modes are assumed to be ultimately damped by some dissipation mechanism, so the D − branch is dispensed with and not considered further; only the D + branch is considered in the following, along with solutions toξ
This model recovers several of the results of [15] - [17] 
If there is no magnetic field inside the liner and the Wentzel-Kramers-Brillouin (WKB) approximation is adopted, then (10) is consistent with the WKB result (36) of Ryutov and Dorf [17] . Slab degeneration: if a → ∞, then we have
coth(kh)
o /ρ, and substituting these into (17) and (18), assuming that the direction of the driving magnetic field does not change with time, and being aware of the differences in definitions, then R and S reduce to (7) of Lau et al. [16] . In addition, if there is no internal magnetic field and the WKB approximation is taken, then (10) reduces to (26) of Harris [15] .
III. BACKGROUND UNPERTURBED TRAJECTORIES
Perturbation evolution rides on the background of implosion trajectories of dynamic pinches. A rotational driving magnetic field is equivalent to two magnetic-field components, and Z, that alternate in time, referred to as an alternate Theta-Z-pinch configuration [11] - [14] . The normalized kinetic equation of implosion of the alternate Theta-Z-pinch in the zero-dimensional shell model [18] is
where = μI 2 0 τ 2 0 /(4πm l a 2 0 ) and α = (2πa 0 /w) 2 . I 0 and τ 0 are the normalized units of current amplitude and time, respectively; m l is the linear mass of the liner; a 0 is the initial radius and also the normalized unit of length; w is the axial height; and μ is the vacuum permeability.
We fixed the total driving current to a sine waveform. Two ways of decomposing the total current, I t , into the -and Z-direction driving currents, I z and I φ , are discussed: alternating decomposition and fixed decomposition. The former takes the sine and cosine functions as the decomposition coefficients in the -and Z-directions, respectively. Because of the phase difference between these functions, the amplitude of one decreases to zero, while the amplitude of the other increases to its maximum: a phenomenon known as "alternating." The latter uses constant (time independent) coefficients for the -and Z-direction decompositions. For the alternating decomposition of the total current I t = sin(t), I z = I t cos(t + t d ), I φ = I t sin(t + t d ) (20) where phase angle, t d , is used as an adjustable parameter for the decomposition. For the fixed decomposition of the total current
If β is absorbed into α, i.e., α = (2πa 0 β/w) 2 , then
The standard Z-and Theta-pinches can be recovered as the limits of these types of driving. A real waveform of driving current is very close to a sine function or the square or cube of sine as long as it does not exceed the time of peak current too far. Because the trajectory is twice integrated from the waveform function over time, it depends only very weakly on the normalized current waveform [18] . (The trajectory mainly depends on the peak values of current and pulsewidth, which are absorbed already in the dimensionless scaling parameter, .) Our additional results also show that trajectory and perturbation both depend only very weakly on t d . Note that for different t d , a different component current waveform exists. Therefore, we arbitrarily fix the total driving current to a sine waveform and the t d to zero, actions that do not affect the conclusions.
We fixed implosions to the optimal trajectories because an actual dynamic pinch is generally expected to run near the optimum trajectory. Of course, there are different options for the optimization objective function that defines the optimal trajectory. We chose the implosion kinetic energy when the compression ratio reached 10 as the optimization objective function [18] . The compression ratio is the reciprocal of the radius normalized by the initial radius.
To give a general impression of the parameter domain of realistic Z-pinch experiments, we provide in Table I [18] some numbers that relate not to any specific experiment but rather to some "generic" experiments. In every particular experiment, parameters may vary by a factor of 2-3.
IV. RESULTS
We numerically integrate the perturbation equation to stagnation time based on optimal background unperturbed trajectories. Finally, we focus on analyzing the maximum growth of a dominant mode. The dominant mode is selected by some mechanism (e.g., viscous dissipation, nonlinear saturation, electrothermal instability, and surface tension) during the initialization phase [18] . There is no initialization phase in a zero-dimensional model, so a dominant mode with a wavelength in the millimeter or submillimeter scale [19] - [27] (taken as 1 mm) was established at the beginning of the implosion. Normalizing the length by the initial radius (taken as a typical value of 10 mm), then the normalized total number of waves corresponding to this dominant mode at the initial moment is q 10 
We maximize the cumulative growth, e-folding number at stagnation time, of the dominant mode on the curve
The results, in the case of driving described by (20) with a fixed t d = 0, are shown in Fig. 2. The maximum e-folding number, n ef , at stagnation of the dominant mode of an optimized alternate Theta-Z-pinch is significantly lower than that of the standard Theta-or Z-pinch.
For classical cases where the direction of the magnetic field is fixed with time, finite thickness does not suppress the perpendicular mode, although it suppresses the nonperpendicular mode. Overall, for the fastest (perpendicular) mode, finite thickness has no effect. In Fig. 2 , the weak variation in the thickness in the standard Theta-or Z-pinch is a geometricnot finite thickness-effect. The reason is that the curve degenerates to a horizontal line (with a constant value) in a flat configuration [14] . Only the variation in the parallel mode on thickness reflects the finite thickness effect (not reflected in the figures because we only consider the fastest mode).
For the time-varying (rotating) magnetic-field orientation cases, each mode can be on average subjected to a finite thickness suppression with time. Even when the thickness is zero, the directional time variation of the magnetic field still suppresses the MRT instability. Therefore, the directional time variation of the magnetic field is independent of the finite thickness in terms of suppressing the MRT instability, both thus cooperating to enhance suppression.
For example, the time history of the magnetic-field orientation angle for the optimization point, corresponding to h = 0.1 (Fig. 3) , shows that the driving magnetic field is rotating during the implosion.
The results in the case of driving described by (22) are shown in Figs. 4 and 5. Herein rotates slower the driving magnetic field than that in the preceding case driven by (20) ; accordingly, the degree of suppression of the MRT instability is smaller. This indicates that suppression becomes stronger as the driving magnetic field rotates faster. Fig. 4 . Maximum e-folding numbers of the dominant mode at stagnation of the optimum trajectory driven by current described by (22) . Reference [17] points out that nonlinearity starts to play a role in the late stage of implosion. This paper only deals with linear analysis. For classical pure Z-or Theta-pinch, the MRT instability is not suppressed at all, and nonlinear saturation may occur during late implosion. Therefore, the linear results of this paper may be overestimations. For alternate Theta-Z pinch, where the MRT instability is well suppressed, it is very likely that the instability will not enter the nonlinear phase, meaning that linear theory is a good approximation.
V. CONCLUSION
An MRT instability can be well suppressed by a directional time-varying (rotating) driving magnetic field. The directional rotation of the magnetic field acts to suppress instabilities, independent of the finite thickness. The finite thickness effect plays a role only when the orientation of the magnetic field varies in time, whereas it does not appear in the standard Theta-or Z-pinch. The rotating frequency of the magnetic field and the thickness of the liner both have a monotonic effect on suppression. Their synergistic effect can enhance the suppression of an MRT instability. Because the MRT instability can be well suppressed in this way, the alternate Theta-Z-pinch configuration holds great potential for applications in liner inertial fusion.
In this paper, the dominant modes are not automatically generated by evolution but are determined via certain rationales. Because of the simplicity of our formula, viscous or surface tension mechanisms can be easily added to address this issue. On this basis, to assess the maximum growth of MRT instability would be more accurate. This work is in progress and is to be reported soon. Alternatively, one may employ magnetohydrodynamic simulations to solve this problem. A comprehensive analysis of fusion applications using 3-D simulations remains an open problem.
